The object of the study is the mobile platform of the KUKA youBot robot equipped with four Mecanum wheels. The ideal conditions for the point contact of the wheels and the floor are considered. It is assumed that the rollers of each Mecanum wheel move without slipping and the center of the wheel, the center of the roller axis, and the point of contact of the roller with the floor are located on the same straight line. The dynamics of the system is described using Appel's equations and taking into account the linear forces of viscous friction in the joints of the bodies. An algorithm for determination of the control forces is designed. Their structure is the same as that of the reactions of ideal constraints determined by the program motion of the point of the platform. The controlled dynamics of the system is studied using uniform circular motion of the platform point as an example: conditions for the existence and stability of steady rotations are found, conditions for the existence of stable-unstable stationary regimes and rotational motions of the platform are obtained. Within the framework of the theory of singular perturbations, an asymptotic analysis of the rotation of the platform is carried out.
Introduction
The application fields of mobile devices equipped with omniwheels are multiple and include working under constrained conditions of factory workshops and warehouses, logistic operations, special operation vehicles for disabled people, etc. [26] .
In this paper we consider a mobile device equipped with omniwheels of Mecanum type (Ilon wheels, or Swedish wheels). A Mecanum wheel has a series of rollers placed at an angle around its periphery. The angle between each roller axis and the central wheel axis is 45 • [27, 28] .
One of the devices of this type is a youBot mobile platform produced by the KUKA Company [37] . It is an omnidirectional platform equipped with Mecanum wheels and one or two manipulators. The software on this robot is free, which permits one to make use of youBot for a wide range of research problems and academic pursuits.
There are a great number of publications on mechanics and control of omnidirectional platforms, including those with Mecanum wheels. Let us consider some of them.
Problems of the dynamics, optimal and adaptive motion control of omnidirectional platforms are analyzed in [18, 29, 31, 32, 35] . A number of publications are concerned with the mechanics of mobile devices with an arbitrary number, type and configuration of wheels [4, 8, 9] . The results of exact integration of dynamic equations and of research on steady motions of a three-wheeled mobile omniplatform are presented in [18, 19] .
Omnidirectional wheels of various types are used for controlling the motion of spherical robots and spherical wheels. The motion of such systems is investigated in [4, 10, 30, 34] .
We notice that, in the above publications devoted to the problems of mechanics and control of mobile omnidirectional platforms, friction forces acting on power transmission shafts and axes of the wheels are either ignored or grouped with control torques. In fact, in the above-mentioned publications, no attention is given to the consideration of frictional forces in the supports of wheel rollers.
In this work, we use the results of the theory of systems with servo-constraints for implementation of the program motion of the platform. Program motions (servo-constraints) can be realized by adjustment of forces within the framework of this theory [3, 11, 12] . In this case the structure of control actions repeats the structure of the reaction of ideal constraints, the equations of which coincide with the equations of program motion. Extremal properties of constraints resulting from the dynamic laws that prevail in mechanics make this control method somewhat optimal [15] . Examples of application of this method to robotics problems can be found in [2, 17, [20] [21] [22] 36] .
The behavior of the system as a whole can be rather nontrivial (see the results of modeling in [2] ) when the above method of executing program motion is used. Conclusions concerning the change in the motion pattern of the system due to the change in its mechanical energy were drawn already by H. Béghin [3, p. 29] . In the work of V. V. Kozlov [12, 13] it is shown that the dynamics of systems with servo-constraints is richer and more various than the dynamics of nonholonomic systems.
The system under study and its model
The mechanical system under study is an omnidirectional platform equipped with two pairs of Mecanum wheels (bearing rollers).
The above system simulates a youBot mobile robot by the KUKA Company (see Fig. 1 ). The values of geometrical and physical parameters of the system, which are used below, are taken from the technical data of the robot [37] . Some parameters are estimated from the experimental data processing [1] .
The mobile platform 1 of the youBot robot is equipped with four Mecanum wheels 2 (see Fig. 1 ). Each wheel has six symmetric bodies of revolution which are rollers 3 placed at an angle around its periphery. The angle between the roller axes and the wheel plane is 45 • .
For all four wheels to have contact with the support while moving on a rough surfaces, youBot is equipped with a simple suspension of the front wheel pair, and its axis can rotate about the longitudinal axis of the platform through a restricted angle.
The motion of the platform on a horizontal plane is considered. It is assumed that the rollers continuously make contact with the underlying surface without loss of contact and without slipping, and the position of the contact point on the meridian of the roller does not depend on the rotation angle of the wheel. The platform and the equipment carried are considered as one rigid body.
Kinematics of the platform of the youBot robot
In order to describe the kinematics of a mobile robot, we introduce a fixed coordinate system xyz with a horizontal plane xy. We also introduce a moving coordinate system OXY Z with origin at the geometric center of the platform O. The axis OX is a longitudinal symmetry axis of the platform O, and the OY axis is a transverse axis. The coordinate axes z and OZ are vertical and aligned with each other. Further, coordinate representations of kinematic vector variables are given with respect to OXY Z.
The position of the platform is defined by the Cartesian coordinates x O and y O of its geometric center O in the fixed coordinate system xyz and by the angle ψ between the fixed axis x and the OX axis (see Fig. 2 ). We denote the wheel rotation angle i (i = 1, 4) with respect to the robot body by ϕ i , and the rotation angle of the contacting roller with respect to the wheel by γ i (see Fig. 2 ).
The motion of the platform is thus specified by the 11-dimensional vector of the generalized coordinates
In the kinematic scheme of the platform shown in Fig. 2 the rollers of the wheels 1, 2, 3 and 4 contacting with the underlying surface are represented by ovals; h denotes half the distance between the axes of the wheel pairs, and l denotes half the distance between the contact points of the opposite wheels. The radius of the outer surface of the Mecanum wheel is C i P i = R, and the radius of the cross section of the roller at the contact point is
We assume the contact between the Mecanum wheels and the underlying surface to be ideal: the rollers move without loss of contact with the surface and without slipping, and the center C i of the ith wheel, the center of the axis of the roller K i , and the contact point P i between the roller and the floor are on the same straight line at each instant of time (see Fig. 2 ).
In the problem considered here the condition of no slipping of the rollers defines eight independent nonholonomic constraints. We describe the motion of the platform in pseudovelocities constituting the vectorπ
where V X , V Y are the projections of the velocity vector of the point O onto the corresponding moving axes and Ω is the angular velocity of the platform:
Let us express the velocity vector of the point P i of contact of the roller with the underlying surface as
where
T is the velocity vector of the geometric center of the platform O;
are the coordinates of the center of the ith wheel; e i = (cos δ i , sin δ i , 0) T is the unit vector for the axis of the contacting roller of the ith the axis being deviated by the angle δ i from OX.
In accordance with the kinematic scheme ( Fig. 2 )
Making necessary transformations, we obtain from the ideal contact condition
A Study of the Controlled Motion of a Four-wheeled Mecanum Platform

269
From this we obtain expressions for the relative angular velocities of rotation of the wheels and the rollers:φ
Let us write the relations obtained in the vector-matrix form:
Dynamics of the mobile platform
Let us write the equations of motion for the mobile platform of the youBot robot in pseudovelocities V X , V Y and Ω. We neglect the mass of the rollers and of the rotating elements of the wheel drive power transmissions. The robot is considered as a system of perfectly rigid bodies. We assume the friction forces to be linear in velocities.
To obtain the equations of motion for the system, we make use of the Appel formalism [6, 14, 16, 23] :
where S is the energy of accelerations of the system,π is the column of pseudo-accelerations, Π C is the column of generalized control forces reduced to pseudo-velocities, and Π F is the column of other generalized forces. Herë
In the problem considered 6) where S p are the energies of accelerations of the platform and of the wheel i, respectively. The energy of accelerations of the platform is therefore [6, 14] : 
is the moment of inertia of the platform relative to the axis OZ. Assuming that the center of mass of the ith wheel coincides with the geometric center C i and C i Y is the axis of dynamical symmetry, the expression for S i takes the form [6, 14, 36] :
where m 1 is the mass of the wheel, J 1 and I 1 are its inertia moments relative to the axes C i Y and C i Z, respectively, and w C i is the acceleration of the center of mass C i . The total energy of accelerations of the four-wheel system is
where w OX =V X − ΩV Y and w OY =V Y + ΩV X are the acceleration components of the point O, which is the center of mass of the wheel system, and the matrix
The contribution of the wheels' inertia to the left-hand side of the Appel equations (2.5) is
In the problem considered the control torques of the actuators M i , linear viscous friction torques in the wheel power transmission bearings, and also linear viscous friction torques in the bearings of the rollers in contact with the underlying surface are active force factors.
Let us draw the vector of generalized forces Π F after computation of the work δA F of the viscous friction torques in the joints of the bodies, which is done in moving through the virtual displacements δϕ = C ϕ δπ and δγ = C γ δπ:
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Here δπ is the vector of variations with independent components; μ 1 is the coefficient of viscous friction in the joints of the wheels and of the platform, and μ 2 is the coefficient of viscous friction in the bearings of the rollers.
Since δA F = δπ T Π F , we have
where ζ X , ζ Y and μ Ω are the reduced coefficients of damping:
We note that taking into account linear friction forces on the axes of the rollers results in the appearance of anisotropic generalized forces of viscous friction in the equations of motion.
Remark. The position of the contact point on the roller surface, the radius of its cross section touching the floor, and the orientation of the roller axis depend on the rotation angle of the Mecanum wheel. In this connection, we observe that the coefficient μ 2 /r 2 in the last formulae defines the "averaged" dependence of generalized forces on viscous friction in the supports of the rollers.
Calculating the virtual work
, we find the vector of the generalized control forces
Adding the left-hand and right-hand sides of the Appel equation (2.5) using (2.8) and (2.10) and the expressions for the generalized forces (2.11) and (2.12), we obtain
14)
where m s = m + 4m 1 is the total mass of the robot, 16) where the matrix A is the matrix of inertia coefficients, f is the column of quadratic forms from pseudo-velocities:
Further, in investigating the dynamics of the system, we will use the following parameter values [1, 37] : 
The use of nonholonomic constraints in the problem of controlling the motion of the platform
The problem is to implement the program motion of the platform with a given velocity vector of some point B of the platform:
where V BX , V BY , V * BX , and V * BY are the projections of the velocity vector, and their laws of variation during the program motion, respectively. In the general case, the quantities V * BX and V * BY explicitly depend not only on time, but also on the vector of generalized coordinates q, on measurements of the coordinates of the bodies with respect to which the platform must maneuver, and on other quantities.
Let us write Eq. (3.1) by expressing V BX and V BY in terms of pseudo-velocities V X , V Y and Ω:
where b X and b Y are the abscissa and the ordinate of the point B in the plane OXY . We rewrite these relations in the vector-matrix form:
We now present the general algorithm for finding control forces to implement the required motion (3.2).
Three generalized control forces on the program motion cannot be uniquely found from the equations of motion, since the number of additional relations (3.2) is less than the number of degrees of freedom of the system under study.
Let us consider relations (3.2) as additional ideal constraints imposed on the robot dynamics. The equations for the uncontrollable motion of the system with such constraints take the form [2, 17] :
is the vector of the multipliers of additional constraints.
Solving the system (3.2)-(3.4), which, if necessary, is closed with kinematics equations, we find the law of variation of λ for the program motion and, identifying the reactions of additional constraints (3.2) with the control forces, we find the vector Π C :
We eliminate the multipliers of constraints from the equations of motion. Next, we express the longitudinal and transverse velocity components of the platform's center in terms of Ω:
which may be represented aṡ
It is easy to check that the product of matrices BC = 0. Thus, multiplying both sides of the system (3.4) by C T , we obtain an equation that does not contain the multipliers of constraints
In the equality obtained we express the pseudo-velocities V X and V Y in terms of Ω using the matrix relations (2.16) and (3.7). We thus obtain the scalar differential equation
To obtain the explicit form of this relation, we perform all necessary matrix operations. We have
We write the expression for the inertia coefficient J a in Eq. (3.8):
Let us find expressions for other quantities in the formula (3.8) by expressing the velocities V X and V Y in terms of the independent pseudo-velocity Ω in accordance with (3.6):
We substitute the results obtained into Eq. (3.8):
Dividing both sides of this equality by J a , we obtain an equation that is satisfied by the angular velocity of the platform Ω during the program motion:
(3.10)
Solving Eq. (3.9), we get the angular velocity Ω. Using Ω, we find V X and V Y by formulae (3.6).
The composition of the matrix B of the constraint equations (3.2) allows us to obtain expressions for the multipliers of constraints for the program motion by substituting the obtained values of Ω, V X and V Y into the first two equations of the system (3.4):
According to (3.5) , the generalized control forces involved in the program motion are computed as follows:
We note that the quantities of the four control torques M i (i = 1, 4) are determined nonuniquely from the known values of the three generalized forces F X , F Y and M Ω . To calculate the moments of the actuators, we choose a solution with the minimal Euclidean norm [5, p. 34] , [33] from an uncountable set of solutions of the system C T ϕ M = Π C :
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The problem of implementation of the motion of the platform in a circle
Let us proceed to specific examples of application of the algorithm developed to control the motion of the youBot platform.
Let us specify the uniform motion of point B in a circle of radius R B with angular frequency ω B = 0 as program motion. The laws of variation of the coordinates of the point B on the fixed plane xy have the following form:
where ϕ B = const is the initial phase.
For such program motion, the projections of the velocity of point B onto the moving axes OXY are
We now investigate the angular motion of the platform of the youBot platform with the program motion (4.2) compatible with the additional constraints.
Substituting the expressions (4.2) into Eq. (3.9) for the angular velocity of the platform, Ω, during the motion with the constraints (3.2), (4.1), we obtain
Let us rewrite the last equation as
Let us examine the properties of the solutions to Eq. (4.4) depending on the parameters of the program motion ω B and R B .
Steady rotations of the platform
The motion of the platform, which is steady with respect to the angular velocity Ω = ω B , is of special interest, since it is intuitively predictable in the problem considered and is simple to implement. Let us find conditions for the existence of such steady-state regimes and investigate their stability.
Consider the solution to Eq. (4.4) ψ = ψ s = const. Substituting it into (4.4), we obtain
Analysis of the resulting equation shows that the constant ψ s characterizing the platform's motion regime, which is steady with respect to the angular velocity, satisfies the relation 
Since R B > 0 and R B > 0, it follows that
Note that for R B = R B the roots of Eq. (4.6) are
Thus, R B is the critical value of the radius of the program trajectory R B from the viewpoint of the existence of steady motions.
Let us now explore the linear stability of steady rotations. We introduce the deviation in the angle of rotation of the platform
We linearize Eq. (4.4) in a neighborhood of the steady-state solution ψ = ψ s :
The condition for the asymptotic stability of steady rotations implies that the coefficients of this equation are simultaneously positive for Δψ and Δψ.
Let R B > R B . Since sin( ψ s1 [k] + α) < 0 and sin( ψ s2 [k] + α) > 0, it follows that, when ω B > 0, the coefficient at Δψ in (4.7) is negative and, therefore, the steady-state regimes with Fig. 3 . To build the domain, the values b X = = 40 cm and b Y = 5 cm and the numerical parameter values of the mathematical model of the robot (2.17) were used. The above values will be used in the sequel. Figure 3 illustrates that for the selected parameter values all steady motions of the class under study are unstable for such large absolute values of ω B that the motion (4.1) cannot be executed by the mobile youBot platform in practice. We also note that the stability domain built by using the sufficient condition (4.8) is essentially narrowed. However, it is justified to use conditions (4.8) in applications, since, for the chosen values of b X and b Y , the "critical" velocity V B = 26.58 m/s is many times greater than the maximal platform velocity 0.8 m/s [37] .
We note that if the moment of inertia of each wheel is J 1 = 0, then in the equation of the angular motion of the platform in the deviations (4.7) the coefficient at Δψ will be positive and equal to ξ 3 . Indeed, when J 1 = 0, the values of m a and m s will be the same and, by the formulae (3.10), κ 11 − κ 21 = κ 12 − κ 22 = 0.
Indeed, for zero value of J 1 one can always find asymptotically stable motions among the motions with Ω(t) ≡ ω B . The inertia of the wheels has a destabilizing effect on the steady-state regimes with respect to the angular velocity of the platform: all the regimes become unstable due to negativeness of the coefficient at Δψ in Eq. 
Asymptotic Investigation of the Platform Motion
Let us investigate the motion of the platform in a circle, assuming the viscous friction coefficients to be sufficiently large. This is confirmed by the values of the physical parameters of the system (2.17). Let us introduce the small parameter
Further, we introduce the nondimensional time τ = |ω B |t and denote s ω = sign ω B . The equation of the angular motion takes the form or, making use of the formula (4.5) for V B ,
We rewrite the last equation in the form of the singularly perturbed system The degenerate system has the form
Let us find out if the transition to the degenerate problem is "correct". We consider the associated problem. We introduce the "fast" time τ ε = τ /ε, and the system (4.10) takes the form
(4.12)
At ε = 0 we have ψ = const and
Due to (4.13), the solution manifold for the degenerate system (4.11) is asymptotically stable in the "fast" time. By the Tikhonov theorem [24, 25] , the "correctness" of using solutions of the degenerate system (4.11) for the approximate description of the behavior of the system (4.9) on the finite time interval is therefore proved.
We investigate the dynamics of the controlled motion of the system by analyzing the solution for the degenerate system (4.11). We rewrite it in the forṁ
where = R B / R B . Figure 5 shows phase portraits of the angular motions satisfying Eq. (4.4), and the cumulative curve of the solutions of the degenerate system (4.11). For R B > R B there exist stable and unstable families of steady motions, which are represented in Fig. 5a as points of intersection of the cumulative curve of the degenerate problem with the axis Ω − ω B = 0. In the critical case, at R B = R B , steady motions have a stable-unstable character. In Fig. 5b , contact points of the cumulative curve of the degenerate problem and of the straight line Ω − ω B = 0 correspond to such motions. For R B < R B there are no steady rotations and the platform executes rotational motion (Fig. 5c) .
Let us consider the case of rotational motion in detail. We rewrite Eq. (4.14) as from which, by passing to definite integrals, we obtain
Using the expressions of basic trigonometric functions in terms of the tangent of the halfangle, we find
and by virtue of (4.15) we obtain the time dependence of the deviation of the angular velocity of the platform˙ integrating Eq. (4.15) yields
In the case at hand, Eq. (4.15) has a family of singular solutions
The analysis of the general solution obtained shows that, if ω B < 0, then for the initial condition
. The above properties of the solution of the degenerate problem allow us to conclude that the character of steady rotations is stable-unstable.
Let us illustrate the conclusions obtained with the results of modeling. 
RUSSIAN JOURNAL OF NONLINEAR DYNAMICS, 2018, 14(2), 265-290
A Study of the Controlled Motion of a Four-wheeled Mecanum Platform
285
We proceed now to the case of "large" radii. For R B > R B ( > 1), the formula (4.18) takes the form˙
Here, the minus sign in the term of fraction is put if the argument of the inverse hyperbolic tangent exceeds unity in absolute value, and the constant C 2 has an imaginary part.
The analysis of the formula (4.19) shows that˙ ψ(t) decays as exp − 2 − 1 |ω B |t , and the angular velocity Ω is set to the value ω B . In the case considered, Eq. (4.15) has two families of singular solutions
corresponding to the steady rotations of the platform with Ω = ω B .
Under the assumptions made concerning the parameter values, one of these families is stable, and the other is unstable (depending on the sign of ω B ). In the case where ω B is large and the parameter ε = |ω B |/ξ 3 cannot be considered small, both families of steady rotations may be unstable (see Fig. 3 ).
The case of singular position of the point moving in a circle on the platform
Previously, in the analysis of the angular motion of the platform (4.3) it was assumed that the denominators of the expressions (4.5) defining R B and V B do not equal zero. Let us consider the case where
and the denominator in the formula for R B vanishes.
In accordance with the expressions (3.10), the last conditions are equivalent to the following system of equations:
the solution of which has the form The results of the numerical modeling of the motion considered are presented in Fig. 9 . The conclusions about the translational character of motion accurately describe the modeling results, namely, that the values of the angular velocity Ω are negligible (see Fig. 9b ).
Analysis of power inputs needed to control the platform
The results of numerical investigation of the control algorithm (3.9), (3.11)-(3.13) show its optimality and suboptimality from the viewpoint of the work quantity of generalized control forces
On the one hand, the above property is due to the fact that by the law (3.9), (3.11)-(3.13) only two degrees of freedom (which are translational) are regulated, and the platform's rotation is inertial motion. On the other hand, in this case the structure of the control actions repeats the structure of the reactions of the ideal constraints the equations of which are identical with the equations of program motion (3.2). The extreme properties of the constraint reactions and their work in deviations from the released motion, resulting from the laws of mechanics, make the above method optimal in a sense [15] .
We present the results of calculation of the work of the control forces A C according to the results of mathematical modeling for the motion of the mobile youBot robot. Let us consider several methods for controlling the platform:
• The angular velocity of the platform obeys Eq. (4.4), and the generalized control forces are calculated by the formulae (3.11)-(3.13). At the initial instant ψ(0) = 0, ψ (0) = 0. The plots for the generalized control forces are shown in Fig. 4 .
• The angular motion of the platform is redefined by the relation ψ (t) = const (the initial angle ψ(0) is arbitrary). The computation of the control forces is carried out by substituting the known laws of variations of coordinates, velocities and accelerations into the equations of motion (2.13)-(2.15). For the particular case of translational motion (ψ (t) = 0, ψ(0) = 0) the plots of the generalized control forces accurately repeat the ones shown in Fig. 9 .
The relevant plots of variation in the work of the control forces A C are shown in Fig. 10 . From the viewpoint of the quantity of the power inputs required for the control of the platform, the control law (4.4), (3.11)-(3.13) is the most preferable of all the laws considered.
Note that the results of modeling (Fig. 10) show that the motion of point B of the platform in a circle at ψ = ω B t requires less power than the "backward" motion where ψ = ω B t + 180 • . b Y > 0). Since overcoming the linear viscous friction makes the main contribution to the work of the control forces, in the former case the power inputs into the motion will be lower than in the latter case (see Fig. 10 , curves 3 and 4, respectively).
Conclusions
This paper solves the problem of implementing the program motion of an arbitrary point on the mobile omnidirectional platform youBot. The structure of the control forces repeats the structure of the reactions of ideal constraints with which the program motion is consistent.
The uniform motion of a point of the platform in a circle is presented to show that, depending on the parameters of the program motion, the rotation of the platform can be different. Steady motions occur if the radius of the circle exceeds some critical value. Under certain conditions all steady regimes are unstable. For the radii of the circle which are smaller than the critical one, the angular motion of the platform is rotational.
Conditions are found under which the platform's behavior is intuitively predictable: it executes translational motion or stable steady rotations with angular velocity equal to the cyclic frequency of motion of the point of the platform in a circle.
"Large" values of the reduced coefficients of viscous friction in the joints of the bodies have allowed us to single out a small parameter at a higher derivative. The correctness of passing to a degenerate problem is shown in the analysis of the platform's rotation. An analytical solution of the degenerate problem is constructed for the equation of angular motions at different values of the radius of the program trajectory.
The results obtained allow planning of the motion of a mobile robot, namely, specifying the position of the point moving in a circle on the platform, and selecting the radius of the trajectory and the speed of going round. The asymptotic solution to the equation of controlled dynamics can be used for an analytic study of the power inputs required for the implementation of the program motion, and for their optimization.
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